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Some Special Functions of Noncommuting Variables
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In this paper we deal with-commuting variableg andy satisfying the relatioxy =
qyx+ (g — 1)y2 with g complex, 0< |q| < 1. We study various functional equations
for g-exponentials and we deduce some identitiesgf@pecial functions involving
g-commuting variables.

KEY WORDS: quantum planeg-binomial formula;g-Heisenberg algebra; basic hy-
pergeometric series.

The g-special functions are extensions to a bgsef the standard special
functions. In modern treatise of the quantum group as a symmetry group in the
guantum space of nhoncommuting variables (Chari and Pressley, 1994) gsome
relations ofg-special functions are given in the quantum plane generated by two
variablesx andy satisfying the relatiorxy = qyx, whereq is generic. In this
paper we take a more general relation of the noncommuting variabéesl y
satisfying

xy = qyx+ (q — 1)y?

This relation would be considered as a generalization ofgtteisenberg al-
gebra (Wess, 1999) and it is known that there exists a correspondence between
g-Heisenberg algebra and somspecial functions (Biedenharn and Lohe, 1995).
From this noncommuting structure and using quantum group arithmetic, we have
constructed a new-special functions. The-shifted factorials &; q)x (the g-
extension of the Pochhammer symba),{) are defined by

k—1
@a =[] -aq) @
i=0
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and
@0 =] J(1—ad) )
i=0
Theqg-binomial coefficient is defined by

n (@; Dn
=———F+— k=0,1,...,
(k>q CHONC I 0, 1,-um ®3)

wheren is a nonnegative integer. In general, ég18 € C, we get

<a> B Tg(a + 1)

B)q Tq(B+Dlgla—p+1)
where

(4 Do
(9% @)

Fq(2) = 1-g'?

and
éanl I'4(2=T(2

The basic hypergeometric series is defined by (Koekoek and Swarttouw, 1994;
Koelink, 1996)

az, ..., (@, ...,a;qQk ke k1) 14s—r 7K
rq)s(bl*“ bs |qz) Z(blw bs; Ak (( b ) (@ Q)

(4)

@, .. a5k =] [(a:ak (5)
i=1

The basic hypergeometric serie®s is a polynomial inz if one of a equals
g~ ", wheren is a nonnegative integer. Otherwise the radius of convergence of
series (4) is

1 ifr=s4+1

o ifr<s+1
p:
0 ifr>s+1

The classical exponential functiefican be expressed in terms of the hypergeomet-
ric functions ag€” = (Fo(Z; 2); this function has two different naturgdextensions
denoted bye,(z) andE4(z) and defined by

&) = 1‘1’0( a Z) L@ q>k G :%o v
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and

(9%
Eq(z)=o<1>o(9 |;qz) Z(‘;qz) ~Z o) (7)

whereze C, | z|< 1,and 0< g < 1. Alsoey(z) andEqy(z) can be considered as
formal power series in the formal varial#e They have the following properties
(Ahmedet al,, 2000):

€(2)Eq(-2) =1

&(a2 = (1 - 2)&(2)

Eq(2 = (1+2)Eq(a2)

&(2) = (1—-a'2)eg(q'2)

Eq(a™2) = 1+ 97'2)Eq(2)

limg_165((1 —9)2) =limgq_1 Eq((1 - 0)2) =

It is known that the Newton binomial formula is given by

(x+y)" = Xn: (E) y X"

k=0

for any arbitrary commutative ring generated byx],andy; and the binomial
coefficients(}) are integers.
Forg-commuting variableg andy such that

Xy = qyXx 8

and someg € C, the g-binomial formula (Koornwinder, 1992, 1994, 1997) is
given by

x+y)" = Zn: (E)qy"‘kxk )

k=0

Recently, Benaoum (1999) gave tipdinomial formula

n n k—1 j—1 _
X+y)"=> (k) (l +hy" q') y*xn ¥ (10)
q

= j=0 =

for x andy satisfying

Xy = qyx+ hy? (11)

From the point of view of noncommutative geometry thdeformed quan-
tum plane ky = qyx+ hy?) is in some ways better than tigedeformed quan-
tum plane Xy = qyx), which gives the standard deformation®Et (2) (Celik,
1997).
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In the algebra generated lyandy with xy = qyx + hy? if we consider the
caseh = g — 1, then we get

k—1 -1 ;
[Ta+h) d)=q®
j=0 i=0

LetCq[X, y] be the complex associative algebra with one of the formal power
series;zi""’j _0Gi,jy'x', with arbitrary complex coefficierg j, andx, y satisfying

Xy = qyx+ (q — 1)y (12)
Theng-binomial formula is
n
x4y =3 (k> gl yexn¥ (13)
k=0 q

The algebraCqy[x, y] is a generalization of thg-Heisenberg algebra. Putimg=
—y? andg? = 1, one gets thg-Heisenberg algebra

Xy—gyx=(1-qg)c, xc=cx, and yc=cy
The following proposition is a generalization of the classical functional equation
e*e¥ = &Y of commuting variables andy.

Proposition 1. In the algebra G[X, y]
“(i) & (X +Y) = Eq(Y)&y(x) (14)
(i) Eq(x+Yy) = Eq(X)eg(y)

Proof:

n=0 n=0 k=0

x+y)" < 1 <
Sy = Z CHON _Z((q q)nz(>qq(2)yx )
S (9; n (4) Ky n—K
;k 0<(q @n (9; Ak(a; An— kq v )

n

3 k n—k
“ 22\ @a@ans q)k(q Dni )

Putn — k =1, then

e(x+Y) = i <L kX'>

5o \ (@ a)k(@; a)
= Eq(y)&q(x)



Some Special Functions of Noncommuting Variables 1819

To prove (ii) use the relatioey(z) Eq(—2z) = 1. Then

Eq(x+ y)&g(—x—y) =1
and
Eq(x+Y) = & (—x — ¥) = (Eq(—Y)eq(—x))
= &, (—X)Eg () = Eq(x)ey() O

Proposition 2. In the algebra G[x, Y]

€3(X)&(Y) = eg(¥)eg((L — y)x — y?) (15)

Proof: Forany two variables andy (noncommuting or commuting) if (x) and
g(y) are formal power series withi(x) invertible andg(y) = Y \_ocay", then
by induction
() (FEYFH)" = fEQY" (%)
(i) Fe9a(y) f 1) = g(fF )y f(x)
Now in the algebraCq[x, V]
xy" = (qyx+hy)y"*
= qyxy"' +hy™*
= gy(@@yx+ hy?)y" 2+ hy**
= q?y*xy" % + (g + Dhy™*
= g°y’xy" " +(a® + g + Dhy™**

n—1
j=0

;

xy" =q"y"x + (q" — y"** (17)

(16)

Puth =q — 1, then

=

qj)hzq”—l

I
o

Then
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Now by using (17)

X&) = Z(q An
_ = n+1
=2 @q )n(q y'x+(@" = 1)y")
o @n" o @y o Y
B ; @ Qn ; (@;Q)n y§ (@;Q)n

e(@y)x + yey(qy) — yey(y)
(N —y)x —y?)

then
& (Yxe(y) =1 -y)x—y?

eq(eg (yY)xey(y)) = (L — y)x — ¥?)
By using (16) we get

& (YY) = &((1 — Y)x — y?)
&q(X)eq(y) = eq(¥)eg((1 - y)x — ¥?) D
By the same way we can prove the following proposition.

Proposition 3. In the algebra G[x, y]

Eq(9)eq(y) = &(Y)Ea((1 — Y)x — ¥?) (18)
y2
Q0E0) = B (55 ) 9)
2
E00E(Y) = ExEs (115 ) 20)
“1
(Ve = & (Xf_c;_lf/ )& (21)
—1,,2
QUEM) = & (T a ) a®) @2)
Eq(¥)Eq(x) = Eq(x(1+a7"y) + a7y Eq(¥) (23)

Eq(¥)eq(X) = eg(X(L+ q~ty) + q 1Y) Eq(y) (24)
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The nonterminating)-binomial series is

a g S 2@ _ (@z0)
1®o(= 18:2) k;) @D Z D
— Eq(-a2e,2) = &y)Eq(-a2)

The functional equation (+ x)"3(1 —y) ™2 = (1 — x — y + xy)"2inthe al-
gebra of commuting variablesandy can be written in the form

(25)

1Fo(2 1 X)1Fo(2 |y) =1Fo(2 | x+y—xy)
we now give twag-analogues of this equation, valid in the alge@gx, yl.

Proposition 4. In the algebra G[x, y]

1P0(2 | g;X)1P0(? | a;y) = €g(V)1Po(2 | G; (1 — y)x — Y?)Eq(—ay)

(26)
—1,,2
190(2 1 9;Y)1Po(2 | q;x) = Eq(—ay)1Po (E | a; %) &q(—ay)

(27)

Proof: (i)

& (xe(y) = (1 —y)x -y
e, (Y)(—axX)ey(y) = —al(1 — y)x — ¥7]
then

1P0(2 [ g;X)1P0(2 | 0;y) = &(X)Eq(—ax)eq(y)Eq(—ay)
= Eq(—ax)eq(x)eq(Y)Eq(—ay)
= Eq(—ax)eq(y)ey((1 — y)x — Y)Eq(—ay)
= eg(Y)Eq(—al(1 — y)x — ¥?))
x &((1 - y)x — yY))Eq(—ay)
= &(¥)120(2 | (1 - y)x — Y)Eq(-ay)
(i)
X + q—lyZ
1-g7ty
X + qu21|
1-q7ty

eq(Y)x& (y) =

& (y)(—ax)e;'(y) = —a[



1822 Hegazi and Mansour

then
—1,,2
&(y)Eq(—ax)e; (¥) = Eq (_a [Xlt?quy D
—1,,2
w0 - (o[ T e

1P0(2 | g;y)1P0(2 | ;%) = Eq(—ay)ey(y)eq(x)Eq(—ax)

X 4 q7ty?
) aEs(-a

X + —-1,,2
- E-ae ()

X + q—1y2
e (Ao

= Eq(-ayey

X + q—1y2
1-g7ty

- EC-apnto (2 I ) a2

O

Proposition 5.  In the algebra G[X, y]
X — y? _ X — y2>
1 d( =4 :
<+1+y>1 o( lq 1ty

X—q4f) <_ X—q*f)
=(1 d | 4 :
( T 1rgiy )t Ry

Xy g g XY

<L+1+y>“%(‘q|q'1+y>

_ X —y? X —y? X — y?

_<1+ 1+y>Eq<q 1+y>eq(1+y>

e (XY X — y?

'_%<1+y>%(1+y>

=E4 YY) Eq(X)Eq(y) Eq Ly)eq(X)Eq(y)

=E4 L(y)Eq(X)eq(X)Eq(y)

Proof:
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= Eq (¥)ea () Eq(x)Eq(y)
= €3(—Y)eq(X) Eq(X)Eq(y)

12
) DB

X —qty? X—q y
E —V)E
X=a7Y\ o (X= q‘ly
_ q
1+9-ty 1+
(x - q‘1y2> (x q‘ly )
"\1+gly 1+qly
x —q~ty? X—qy2> <X—qu2)
1+ Y ), (g2 — L A I
( 1+q—1y> q(ql+q—ly “\T+aly
x—q1y2> <_ x—q1y2>
=(1+—"" )0 q R S A O
( + 1+q_1y 1¥0 | — |q 1+q_1y

The bigg-Jacobi polynomials (Noumi and Mimachi, 1990a,b) are defined by

=&

Il
&L

Il
m

aq, cq

Now we will give the following identity for the bigj-Jacobi polynomials in
g-commuting variables and we will generalize it to the general forpiqf

—n n-+1
P(X;a,b,c;q)=s<1>z(q  abg’ %, x Iq;q> (28)

Proposition 6. In the algebra G[x, y]
. Cy g abg"tt, x,0 | .
P(x+y;a, b,c,q)—Eq(y)4d>s( ag,cq, —y |99 &=y)
Proof: At first

Eq(0"2) = (-9"z Q) = [ [(1 - d'q"(~2)
i=0

=[Ja-d"-2)=]]a-d'(-2)
i=0 i=n

_ [ -d(-2) _ Eqd
"e(l—-q(-2) (~z9hn
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Then
Eq(2)

5@ =

By the same way

€(0"2) = (z, Q)ne&y(2)
Also
(zZ2a)n = &(9"2)Eq(—2)
Now we will get X + y; g)n
(X+Y:Qn = &@Q"[X + Y) Eq(—x — y)
= Eq(9"y)eq(q"X) Eq(—x)eq(—Y)
E
— I a0 -0
(X; A)n
(=y; n

= Eq(y)

e(—Y)

Now we will getP(x + vy; a, b, c; q).

: o) — q " abg"t, x+y .
P(X+y1a1 b1 C!q) _3(D2< aq’ Cq | q!q

k

_ i (@™, abd™™, x+y;ok g
rd (ag, cqg; g)x (9; 9)k
k

_ i @ " ak@bg™H a(x +yiak 9
= (aq, cg; Q) (@ 9

= (@ " g)(abg™t?; )« (X; Dn
_k; (ad, cq; o)k Eq(y)(—y; Un

Sl y)(q;Q)k
B (@7 ak@bd™ T a)(x; Q) 9" B
= &) LX_; (@, ca; e~ : D (q;q)k}eq( )
= Eq(y)a®3 (q_na’l;‘,bcﬁi’;' 0 q;q) &(—y) =

The above result can be generalized as
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Lemma 7. Inthe algebra G[X, y]

[ -1, . 3oy -1 50 .
rq>s<al by, '..}b)s(—i_y | qu> = Eq(y)r+1q>s+1(at)l, “.?rb:_xy |q,z>

x€q(=Y) (29)
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